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1. INTRODUCTION 
In [7], Cooke pointed out the desirability of studying periodic and almost 
periodic systems with time lags which are themselves periodic or are functions 
of the dependent variable. The works of Bellman et al. [3] and Hale [12] on 
this topic have been very stimulating and Cooke has conjectured in [7] that 
some of these results, for example, those of Hale’s [12], can be extended to 
equations of implicit-lag type. Thus, the equation 
k(t) = -x(t - 1 - EX(~)) + sin 2nt 
is conjectured to have, for small E, a unique uniformly asymptotically stable 
solution of period one which approaches the stable periodic solution of 
k(t) = -x(t - 1) + sin 27rt 
as E -+ 0. Cooke also pointed out that it should be possible to treat certain 
equations in which the time lags are nonlinear functions of x or a functional 
of x. 
In [16], Stephen partially established the truth of Cooke’s conjecture. 
Namely, the equation given above has a periodic solution of period one for 
small E. The uniqueness and stability of the periodic solution are not 
shown. Moreover, almost periodic solutions are not considered. 
The purpose of this paper is to give a more detailed answer to Cooke’s 
conjecture. We shall discuss the existence of both periodic and almost 
periodic solutions. The uniqueness and stability of these solutions are also 
considered. A typical result will be the following. 
The equation 
*(t) = -x(t - 2 + a(t)) + sin t + sin 2112t 
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has, for small E, a “unique” almost periodic solution. The equation 
3i(t) = -x(t - 1 + ox) + sin t + sin 2W 
has, for small E, a “unique” uniformly asymptotically stable almost periodic 
solution. Here, “uniqueness” refers to a certain subset in some function space. 
Of course, if only sin t appears in the above equations, then almost 
periodicity is replaced by 2rr-periodicity in the results. 
We also note that in [ 161, Stephen considered only equations whose periods 
are no less than the delay. This rather unnatural condition is dropped in this 
paper. 
Our method depends upon an integral representation of an almost periodic 
solution. This relies heavily on results of Hale and these are contained in his 
book [13]. For the convenience of the reader, our notations is consistent with 
that in [13]. 
We shall first discuss the concept of exponential dichotomy for a homo- 
geneous linear functional differential equation. We then give an integral 
representation of an almost periodic solutions of the nonhomogeneous 
equation. This enables us to discuss existence and stability of an almost 
periodic solution of the perturbed equation. We hence obtain generalizations 
of Hale’s results in [12]. 
In the last section, we consider one-dimensional equations of the type which 
Cooke suggested in [7], 
2. NOTATION AND LEMMAS 
The following notation will be used throughout this paper: Rn is the space 
of n-vectors and for x E R”, 1 x 1 is any vector norm. For I > 0, C = C[-Y, 0] 
denotes the space of continuous functions mapping the interval [-Y, 0] into 
Rn, and for v E C, 
II y II = sqw4: --r d e d 01. 
For any continuous function x: [-r, A] -+ Rn, where A > 0, and any 
t E [0, A), the symbol xt will denote the function, 
XtP) = x(t + 4 (-I < 6 < O), 
i.e., xt E C[-r, 01. 
Let L: R x C[--r,O] -+ P. We assume that L is linear in &?[-Y,O] and, 
in addition, that there exist a constant 01 > 0 and an n x n matrix function 
T(t, 8) such that 
4, d = Jo wdt, e)i de) 
--c 
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I-w, PI G a II ‘p II for all t E R, v E q--r, 01, 
where r](t, 13) is assumed to satisfy the following: 
(i) q(t, 0) is measurable in (t, 0); 
(ii) for each t, ~(t, .) is of bounded variation in 0 E (-co, 00); 
(iii) 7,1(t, 19) = 0, 0 > 0; ~(t, 0) = ~(t, -I), 8 < -Y; and 
(iv) there exists an integrable function m( *) such that 
I 17~4 41 G m(t), for all 8. 
Consider the linear homogeneous functional differential equation 
ti(t) = qt, ut). (H) 
If s E R and v E C[-Y, 01, then it is well known that there exists a unique 
solution X(S, p))(t) (or x~(s, v)) of(H) passing through (s, y) and this solution is 
defined for all t 2 s. Hence we may define T(t, s): C[-Y, 0] -+ C[-Y, 01, for 
t >,sER.B~ 
v, 4v = X&7 9’) 
whenever the x~(s, 9’) is defined. 
LEMMA 1. The mapping T(t, s) is continuous and linear in p fur each t > s. 
LEMMA 2. Let (s, CJI) E R x C[-Y, 01. If the solution xt(s, p’) is defined for 
t < s, then the map T(t, s) is linear and continuous in its domain. 
Lemmas 1 and 2 are just statements about the linearity and continuous 
dependence of solutions of (H) on initial data. 
The following may be found in [13, pp. W-871. 
LEMMA 3. There exists an n x n matrix function U(t, s) satisfying: 
p/q w, s) = w, Ut(*, 4, t > s, a.e. in t and s 
w, 4 = I’0 t=s t<s 
wkere I is the n x n identity matrix and 
u,(e, s) = u(t + 8, s) f0y -Y G e G 0. 
The matrix U(t, s) plays the role of the fundamental matrix of ordinary 
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differential equation. But in order to represent solutions of (H) via U(t, s), 
an adjoint system and a certain bilinear form have to be introduced. For 
details, the reader is referred to Banks [l]. From this representation, we may 
show the following (see, e.g., [13, p. 921). 
LEMMA 4. The zero solution of(H) is ungormly asymptotically stable if and 
only if the matrix U(t, s) in Lemma 3 satisfies 
1 U(t, s)I < /3e-Y(t-8), for all t > s 
where jl > 0 and y > 0 are constants. 
For the definition of uniformly asymptotical stability, see [17]. 
3. EXPONENTIAL DICHOTOMY 
Consider an autonomous linear functional differential equation: 
zqt) = L(q) (4 
where L: C -+ R” is continuous and linear. There exists an 11 x n matrix 7(e), 
-r < 8 < 0, whose elements are of bounded variation such that 
Let h be a complex variable, and let 
An eigenvalue of (A) is defined to be a root of the equation 
det d(X) = 0. 
It is well known that there exist at most a countable number of eigenvalues 
of (A). If 5 is any real number, then there are only a finite number of eigen- 
values of (A) in the half plane Rex > 5 of the complex plane and each 
eigenvalue has finite multiplicity. This enables us, as in [13, pp. 99-1031, to 
obtain a direct decomposition of C into 
C=E@F (1) 
where E is finite dimensional. Further, if v E E, then T(t, s)9, is defined for all t 
and s; T(t, s)E = E for all t and S; and T(t, s)F C F, for all t > s. 
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Additionally, if no eigenvalue of (A) has zero real part, then there is a direct 
decomposition (1) such that if Tz(t, s) and TF(t, S) denote the restrictions of 
T(t, s) to E and F, respectively, then 
II T&, 41 < PeY(t-s), t<s 
II Tdt, s)ll < P@‘(t~s), t > s. 
This property is known as the saddle point property [13]. It is sometimes 
called exponential dichotomy in the case of ordinary differential equations 
@I, e-g-). 
The following definition is motivated by the above observations and it may 
be regarded as a generalization of exponential dichotomy to functional 
differential equations. 
DEFINITION. (H) is said to have an exponential dichotomy if for each t E R 
the space CC--r, 0] can be written as a direct sum of subspaces 
C = E(t) @F(t) (2) 
and if the following are satisfied: 
(i) whenever T(t, S) is defined for some t, s E R, 
W, 4 EN C E(t), 
V, 4 F(s) C F(t); 
(ii) the restrictions TE(t, s) and Tp(t, s) of T(t, s) to E(s) and F(s), 
respectively, satisfy 
II T&, s)ll < Pey++), t < 4 
/I Tp(t, s)ll < fle+‘+8), t >, s. 
(3) 
We note that the decomposition (2) is time-dependent, and TE(t, s) is 
assumed, implicitly, to be defined for all t, s E R. 
If (H) is uniformly asymptotically stable, then it satisfies an exponential 
dichotomy with the obvious decomposition, C = F. If (H) is periodic in t, 
and if there is no characteristic exponent of(H) with zero real part, then (H) 
has an exponential dichotomy (for details, see [13, pp. 196-2021). 
The following lemma is important. 
LEMMA 5. If (H) has an exponential dichotomy, then zero is the only 
solution of(H) which is bounded on (- CO, CO). 
Proof. Let x(t) be a solution of (H) which is bounded on (-co, co). 
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Since (H) has an exponential dichotomy, xt may be decomposed, according 
to (2), into 
Xt = XtE + XtF, where XtE E E(t), Xf E E(t). 
Let M be the bound of xt . Since 
XtE = qt, s) X,E, 
we have for t fixed, 
II xtE II < II V, 411 M. 
If we let s -+ co, then from (3) we have Ij xtE II = 0. Similarly, xtF z 0. This 
proves xt G 0. 
Since the matrix U(t, s) in Lemma 3 is continuous in t for t > s, it follows 
that U(t, s) has a continuous first derivative in t for t > s + r. Thus we are 
justified in writing 
x,(e) = 1; e=o 
, -Y <e<o. 
Each column of the matrix function T(t, s) X0 belongs to C[-r, 0] for 
t~s+r.AlsoT(t,s)X,=T(t,s+r)T(s+r,s)X,fort~s+r.There- 
fore, if (H) has an exponential dichotomy, T(s + I, s) X,, can be decomposed 
into the components according to the decomposition 
E(s + y> OF(s + y). 
Since T(s + Y, s) is reversible on E(s + Y), this allows us to define an R x rr 
matrix X,,s whose columns are in E(s) so that 
T(s + Y, s) x,E = [T(s + I, s) X@]E. 
Let 
X/ = x, - X()E. 
If we let 
and 
w*, S)E = w, 4 -v, w, 4E = Ut(*, 4.4% 
Ut(*, SIP = T(t, 4 &JF, 
then we can show the following. 
w, SIP = Ut(-9 4Fm; 
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LEMMA 6. If(H) h as an exponential dichotomy, then there exist two n x n 
matrix functions U(t, s)~ and U(t, s)~ such that 
up, S)E + up, S)F = U(t, 4; 
(a/at) U(t, s)~ = L(t, U,(., s)~) for all t, s E R; 
(a/at) U(t, s)p = L(t, U,(*, s)~) a.e. in t and s, t > s; 
1 U(t, s)~ 1 < /3eY(t-s), t < s; and 
1 U(t, s)F 1 < j3e-y(t-s), t 3 s, 
where U(t, s) is as in Lemma 3, and E, F, p, y are as in the de$nition of exponential 
dichotomy. 
We note that the columns of U(t, s)~ are by definition solutions of(H) and 
are defined for all t, s E R. Thus, the second equation in Lemma 6 is satisfied 
for all t, s E R. 
In [S], (see also [6, 15]), the idea of exponential dichotomy has been 
generalized to functional differential equations in a slightly different way. The 
main difference is the assumption of reversibility of solutions on the linear 
subspaces E(t), (which is called a “covariant family” by C. V. Cofhnan and 
J. J. Schaffer). Our definition, as shown above, is mainly motivated by 
autonomous and periodic systems. Since our main object is to establish the 
existence of periodic solutions and almost periodic solutions, it seems that 
there is no loss of generality in using the present definition. 
In the following, we shall use all the above notations without redefining it. 
4. NONHOMOGENEOUS SYSTEMS 
Consider the nonhomogeneous equation: 
d(t) = L(t, wt> + f (t) ( w 
where fi R --t R” is continuous. In this section we shall prove the existence 
of periodic solutions or almost periodic solutions for (N) when L(t, *) and f (t) 
are periodic or almost periodic and (H) is assumed to have an exponential 
dichotomy. Theorem 2 is well known, Theorem 3 is apparently new. In 
either case, our proof seems to be simpler. 
THEOREM 1. If(H)h as an exponential dichotomy, and if f (t) is bounded on 
(- co, co), then there exists one and only one solution w(t) of(N) which sk bounded 
on (-co, co). Moreover, this solution w(t) has the folikuitg representation: 




where, for any continuous bounded function f  defined on (-CO, oo), 
IlfllB = suP{lf(t)l: tc(--oO, ~)I. 
Proof. From Lemma 5, if there exists a bounded solution of (N), it must 
be unique. We need to show v(t), defined by (4), is a solution of (N). The 
boundedness and the estimate (5) follow from Lemma 6. Differentiating both 
sides of (4) with respect to t, we have 
W = /:m [& W S)F] f  (4 ds - hm [+ U(t, 4~1 f  (4 ds 
+ u(t) &f@) + u(t, hf@)* 
fhce U(t, t)F + U(t, t)E = U(t, t) = I, from Lemma 6 we obtain 
- Itm lr” bit, e)l W + 4 +l f  (4 ds + f  (t). 
-9 
Using the estimates of Lemma 6 and Fubini’s Theorem 
e(t) = j-” [d&t, e)l 11” 
--r -aJ 
u(t + 4 s)pf (9 ds - km U(t + Qf (4 dj + f  (t). 
But 




0 = llfe w + 4 S) f  (4 ds 
= ltt+’ qt + 8, + f  (4 ds - J1:, U(t + 4 hf (4 h. 
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Adding this to the above expression of ei(t), we have 
= 1, O [d,#, e>1 v(t + 4 + f (t> = J% 4 + f (0. 
This proves the theorem. 
THEOREM 2. I’ (H)h as an exponential dichotomy, and if L(t, v) and f (t) 
are T-periodic in t, then (N) has a unique T-periodic solution. 
Proof. Let w(t) be the bounded solution of (N) given by Theorem 1. 
Consider the difference 
w(t) = o(t + T) - v(t). 
This is a solution of (H) and is bounded an (-co, 00). Hence w(t) EE 0 
from Lemma 5. This proves the periodicity of w(t). 
COROLLARY. If, in addition to the hypotheses of the theorem (H) is unifomtly 
asymptotically stable, then the periodic solution of (N) is also uniformly asymp- 
totically stable. 
THEOREM 3. If (H) has an exponential dichotomy, and zf L(t, p’) is almost 
periodic in t uniformly for CJI in compact subsets and f (t) is almost periodic in t, 
then (N) has a unique almost periodic solution v(t). Moreover, the module of v(t) 
is contained in that of L(t, y) and f (t). 
Proof. For the notion of almost periodicity and its related concepts the 
reader is referred to [4]. 
Let v(t) be the bounded solution of (N) given by Theorem 1. Let E > 0 
be given, and let 
6 = (W PP(l + VP Ilf IIP E* 
Let 7 be a s-translation number common to L(t, v) and f (t). Since 
w(t) = v(t) - o(t + T) 
is a bounded solution of 
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where 
g(t) = f(t) - f(t + 4 - w + 7s %+A - w %>I 
and 
II g IIB d S(l + VP Ilflld, 
we have, from Theorem 1, 
I w - fJ(t + 41 < II w Ile 
G ?3?+ II g IIB -=-E for all tE(--co, co). 
This proves the theorem. 
COROLLARY. If, in addition to the hypotheses of the theorem, (H) is uniformly 
asymptotically stable, then the almost periodic solution is also uniformly asymp- 
totically stable. 
In [9], Coppel proved Theorem 3 for ordinary differential equations. His 
proof depends on a “roughness” theorem and a theorem of Favard. The 
corollary of Theorem 3 is proved by Hale in [12]. His proof depends on a 
Liapunov converse theorem. 
The solution obtained in Theorems 1,2, or 3 has a conditional asymptotical 
stability. This is easily seen. 
5. ALMOST PERIODIC SOLUTIONS FOR PERTURBED SYSTEMS 
In this section we discuss the existence and uniqueness of almost periodic 
solution of the perturbed nonlinear system: 
*.(t) = qt, Xt) + N(t, 4 w 
where N: R x C[-Y, 0] -+ Rn is a perturbation which satisfies a certain 
Lipschita condition. 
For any absolutely continuous function p E C[-Y, 01, let 
II Y II1 = m=4ll 9) IL yyp I 5WI. 
Consider the following conditions: 
(Lip,,) There exists a constant la > 0 such that for any p and 
a) E C[-Y, 01, t E R, 
I W, ‘PI - W $11 G 4, II I - # Il. 
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(Lip,) There exists a constant I1 > 0 such that for any absolutely 
continuous p and # E C[-r, 01, t E R, 
Of course, condition (Lip,) is stronger than (Lip,). In many delay- 
differential equations, the lag function implicitly involves xt . Thus (Lip,) is 
satisfied but not (Lip,). 
Condition (Lip3 has been used by Grossman and Yorke [lo] in their 
work on stability. The norm 11 */I1 was (also apparently first) used by Bellman 
and Cooke [2, p. 1891, and also by Cooke [18]. 
THEOREM 4. Suppose (H) has an exponential dichotomy and that L(t, v) 
and N(t, CJJ) are almost periodic in t (uniformly with respect o 9). Suppose N(t, 9’) 
satisfies condition (Lip,) with II such that: 
0 < I1 < min{2&+, 2&-l + l}. 
Then there exists a unique almost periodic solution of(P). Moreover, the module 
of this almost periodic solution is contained in that of L(t, v) and N(t, cp). 
Proof. Let API denote the Banach space of all continuously differentiable 
almost periodic functions whose derivatives are also almost periodic with the 
norm: 
ax(t) = j-” 
-.-m 
U(t, s)~ N(s, x,) ds - j-m U(t, s)~ N(s, x,) ds. 
t 
It is not difficult to see that 04 is well-defined and it follows from Theorem 3 
that GE AP, --+ AP, . We have, for any x, y E API , 
This implies 
Since Oh(t) and @y(t) are solutions of (N) with f(t) = N(t, xt) and 
f(t) = N(t, yt), respectively, we have 
IWt) W) - V/4 @@)I < a II @ix - O~Y IIB + 4 II x -Y II: 




It follows from the condition on lr that G? is in fact a contraction. The theorem 
is hence proved by an application of the contraction mapping principle. 
COROLLARY 1. If, in addition, L(t, p’) and N(t, 9) are T-periodic in t; then 
the almost periodic solution is T-periodic. 
This theorem generalizes a result of Hale’s [12, Theorem III, 2, p. 3021 
which assumes uniformly asymptotical stability of (H) and condition (Lip,,) 
on the perturbation. Hale has in fact obtained more, namely, that the almost 
periodic solution is uniformly asymptotically stable. This will be discussed 
in a later section. If N(t, v) satisfies condition (Lip,,), then by using the 
standard Gronwall argument we are able to prove the stability of the almost 
periodic solution. (In [12], Hale used Liapunov theory to conclude the 
stability of the solution). 
COROLLARY 2. If, in addition, (H) is unifmmly asymptotically stable, and 
N(t, q) satisfies condition (Lip,,) with l,, so small that 
then, the almost periodic solution is uniformly asymptotically stable. 
Proof. From the variation of constants formula [13, p. 861, 
xt - yt = W, ti,)(xto - rt,) + j-1 Tk 4 -WW 4 - W rsll ds 
where xt is the almost periodic solution of (P) and yt is any other solution 
of(P). We have, 
II Xt - yt II < Beq(t-to) IIxf - yt, II + 1: 4#~~“(t-s) II x, - ys !I ds. 
This implies 
eYt II Xt - Yt II < BeYtO II xto - yto II + l: kdeyb II x3 - ys II ds. 
Using Gronwall’s inequality, 
I[ Xt - yt [I G /3 11 xt, - yto 11 e-(r-z~@(t-tO). 
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6. PERIODIC SOLUTIONS FOR PERTURBED SYSTEMS 
We may allow more nonlinearity on the perturbation N(t, 9) and still 
obtain periodic solutions. However, in this case, we lose the uniqueness of the 
periodic solution. 
We shall consider systems with a small parameter of the form: 
2(t) = Jqt, Xt) +f(q + N(t, xt , 4. 
We may consider other forms and apply the same method. 
The following condition will be imposed on N(t, p, r): 
(C,) For any subset {p)} C [-r, 0] such that 
II ‘p II < 4, and ess sup{1 +(Q: 0 E [-r, 0]} < k, , 
where k, > 0 and k, > 0, we have 
(PC) 
N(t, v, 6) + 0 as E + 0 uniformly on (v} and t. 
If the perturbation N(t, ‘p) in (P) satisfies condition (Lip,), we write: 
Let N(t, 0) = f(t), and N(t, ‘p) - N(t, 0) = N(t, v, E), where E stands for the 
Lipschitz constant I1 in condition (Lip,). It is easy to see that condition (C,) 
is satisfied. 
As in the case of condition (Lip,), we can state the following stronger 
condition: 
(C,) For any closed bounded subset {v} C C[--r, 01, 
N(t, v, E) + 0 as E + 0 uniformly on (v}. 
THEOREM 5. Assume (H) has un exponential dichotomy, and L(t, IJI), f(t) 
and N(t, I, e) are continuous and T-periodic in t. Assume N(t, ‘p, E) satisfies 
condition (C,). Then for suficiently small E > 0, (PJ has a T-periodic solution. 
PYOO~. As in Theorem 4, consider the map: 




m W, S>E [f(s) + Ws, x, ,41 CL 
t 
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Then 68 PT + PT is a well-defined and continuous map on PT , the Banach 
space of T-periodic functions with the usual norm 
II x IIT = sup{/ ~(~>I: t E [0, T]>. 
Let B(K, , K,) be the compact convex subset of PT consisting of all x(t) 
satisfying 
II x IIT G ko 9 
where 
ess sup{1 i(t)/ : t E [0, T]} < k, , 
ho > 2/w llflla P 
h > &PI+ + 1) IlfllB * 
Let (v} be the set in condition (C,) with the above K, and hr. Choose q, > 0 
so small that 
I w 93 4 < PI uniformly for ‘p E {q} and 
where 
p, < min ‘0 - 2PYm1 II f lb 
1 
AI - (24y-1 + 
2py-1 ’ %9Y-l+ 
Now, for any x E B(K, , k,), I E I < co , we have, since xt E (q~}, 
and 
I W~)l < 2PY-wlf IIB + cl) < A0 9 
IW4 ~@>I < rx II % II + Ilf Ile + CL 
< 4~~Y---‘(llf IIB + CL)1 + Ilf IIB + P G 4 * 
This shows that for 1 E I & co, 6% B(K,, , kr) + B(k, , kJ. An application of 
Tichonov fixed point theorem (see, e.g., [14, p. 4051) will prove the theorem. 
The author is unable to prove the existence of an almost periodic solution 
under the present perturbation. This is due to the fact that compact subsets 
of AP (the Banach space of almost periodic functions) are not characterised 
by Ascoli’s Theorem. In fact, a closed bounded set M C AP is compact if and 
only if for every E > 0, 
(i) there exists Z(E) > 0 such that the set 
(t: 1 xl(t + s) - x(s)1 < E, s E R, x E M} 
has a nonvoid intersection with every interval of length I; and 
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(ii) there exists 6(c) > 0 such that 
I 40 - 44l < c for all 1 t - s 1 < 6, XEM. 
7. ALMOST PERIODIC SOLUTIONS FOR PERTURBED SYSTEMS II 
Consider again the perturbed system 
n(t) = -qt, x1) + f(t) + N(t, xt ,4 (PC) 
The following condition will be used: 
(Lot. Lip3 For any subset (cp} C C[-r, 0] such that 
II 9, II < k, 9 ess sup{) +(Q: 8 E [--I, 0]} < kl, 
there exists a function Z1(e, k, , k,) which for fixed k, and k-, decreases to zero 
as e -+ 0 and for all v, t,!~ E {v}, 
I w> % 4 - NC *> 4 < &I kl , 4 II 9 - /J Ill. 
The equations appearing in the introduction satisfy condition (Lot. LipJ, 
but not, in general, condition (Lip,). This will be discussed in the last 
section. 
THEOREM 6. Suppose that (H) has an exponential dichotomy, and that 
L(t, p),),(t) and N(t, p, l ) are almostperiodic in t (unij&nZy with respect o q~,, E). 
If N(t, 9, E) sutisjes conditions (C,) and (Lot. LipJ, then there exists constunts 
k, > 0 and kI > 0, such that for su$iciently small e > 0, (PJ has a unique 
almost +d;C solution .%Jt) such that (1 zS 11; < max(k, , kI}. Moreower, the 
module of Ze(t) is contained in that of L(t, p)), f(t) and N(t, q~, Q), and & + z,, 
uniformly in t as e --t 0. 
Proof. Consider the map C? defined in the proof of Theorem 4, 
02~ API --+ API . Choose k, , k, as in the proof of Theorem 5. It then follows; 
for sufficiently small B > 0, 
where 
ol: W, , 4) -+ W, , kJ 
W. , h) = tx E APl ; II x IL < h, , e=EQRup I WI < k3. 
Now D(k, , kJ is a complete metric space with the metric 
P(X,Y) = mMll x - Y lb , es;cyp I 40 - WI). 
Since N(t,v, 6) satisfies condition (LOG Lip& we follow the proof of 
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Theorem 4, restricting ourselves in the space D(K, , kr) and conclude that 02 
is a contraction on D&a, K,). In fact 6E is a uniform contraction 
(with respect to 6). An application of the uniform contraction principle 
[ 11, Theorem 3.2, p. 71 will give us the existence of convergence of %C .
To obtain the stability property of the almost periodic solution, we need 
a theorem due to Grossman and Yorke [lo]. 
LEMMA 7. Consider the functional d@rential equation 
.i(t> = qt, Xt) + P(t, 3 , 4 (6) 
where P(t, v, 6) is continuous. Suppose P(t, p, l ) satisfies condition (C,) and, 
there exists E > 0 such that 
If(H) is uniformly asymptotically stable, then for ss@ciently small E > 0, 0 is a 
uniformly asymptotically stable solution of (6). 
THEOREM 7. Assume that all the conditions in Theorem 6 are satisfied. Let & 
denote the almostperiodic solution of (PJ. Suppose (H) is uniformly asymptotically 
stable and there exists E > 0 independent of E such that 
I w, P + %t > 4 - w, 4,t , 41 < 5 II I II, (7) 
then Z~ is uniformly asymptotically stable. 
Proof. By a change of variables, 
x=x--f 
we have 
.i.(t) = qt, 4 + wt, 3 + 4,t > 4 - w, 9.t, 4. 
Let P(t, v, 6) = N(t, v + Q , l ) - N(t, %E,t , E). From Lemma 7, we obtain 
that z EZ 0 is uniformly asymptotically stable. Hence .Ve is uniformly asymp- 
totically stable for sufficiently small E. 
8. AN APPLICATION 
Functional differential equations of the type 
R(t) = -4t - r + W, 4) +f(t), a > 0, r > 0, (8) 
where h: R x C[-r, 0] + R and fi A --) R are continuous and e E R is a 
A CONJECTURE OF COOKE 323 
small parameter, have become important. For example, many models of 
infection are, of this form. If ar < 7r/2; if f is almost periodic; and if h(t, v) is 
bounded, almost periodic in t, and independent of q,, then Hale [12] showed 
that for E small there exists a unique uniformly asymptotically stable almost 
periodic solution of (8). Cooke conjectured [7] that this same result holds 
when h depends on v. 
Stephen [17] partially answered Cooke’s conjecture by establishing the 
following: 
If ar < 7r/2, T > I, f is T-periodic, and if h is uniformly Lipschitz with 
respect to IJJ and T-periodic in t, then for small E there exists a T-periodic 
solution of (8). 
In this section we will improve Stephen’s result and give an answer to 
Cooke’s conjecture. 
The following is a generalization of Stephen’s Theorem. 
THEOREM 8. If ar # (42) + m, for some integer n, and f and h are 
T-periodic in t, and if h is bounded by H > 0, then for small E there exists a 
T-periodic solution of (8). 
Proof. Rewrite (8) as 
I(t) = -ax(t - r) + ax(t - Y) - ax(t - Y + eh(t, xt)) + f(t), 
Then (8) is an equation of the form (PJ with 
w, p’> = -4--r) 
W, v, 4 = ad--r) - ad--r + +, v)). 
It follows that (H) has an exponential dichotomy and N(t, v, E) satisfies 
condition (C,). The latter is easily seen from the mean value theorem: for 
some X E [0, 11, 
I Nt, v,, 4 = = I +t, 41 I d-y + h4t, v))l d =a II 9) Ill. 
From Theorem 5, we then get the T-periodic solution. 
As for Cooke’s conjecture, we are able to show the following. (We note 
that we do not obtain the global uniqueness of the almost periodic solution 
and that the Lipschitz condition on h cannot be removed.) 
THEOREM 9. Suppose ar < 42 and f and h are almost periodic in t 
(uniformly with respect to q~). If there exists 1 > 0 such that 
I 46 4 - 4, $11 < 1 II v - # II> 
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then for small E > 0 there exists a unique uniformly asymptotically stable 
almost periodic solution LV~ of (8) such that 
II %t> Iii G m4ko , kd 
for some constants k,, , kI . Moreover the module of 4 is contained in that off 
and h, and Z~ + z0 uniformly in t as E + 0. 
Proof. In view of Theorems 6 and 7, we only need to show that N(t, rg, l ), 
as defined in the proof of Theorem 8, satisfies conditions (Lot. Lip,) and (7). 
The following calculations show that (Lot. Lip,) is satisfied: 
< a I d-r) - d--r + 4t, P)>) - t4-r) + SK--~ + Q@, d)l 
+ a I #C-r + 4t, +I> - $(-r + 4t, rp))l 
< aa II ‘P - # II1 + as I W, d - W, $11 II $ II1 
< ad II ‘P - * Ill + ad II ‘P - 9 II1 II # II1 
= a@ + l II $ II’) II P) - * Ill. 
To see that (7) is satisfied, let gC be the almost periodic solution of (8). We have 
where k, is as in Theorem 6. 
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